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Dedicated to Professor Akio Hattori on his seventy seventh birthday. 

Abstract. In [8] we introduced the notion of a local torus actions modeled on 
the standard representation (we call it a local torus action for simplicity) , which 
is a generalization of a locally standard torus action. In this note we define a 
lifting of a local torus action to a principal torus bundle, and show that there 
is an obstruction class for the existence of liftings in the first cohomology of 
the fundamental group of the orbit space with coefficients in a certain module. 



1. Introduction 

Let G be a compact Lie group acting on a connected manifold X and ttp : P ^ X 
a principal torus bundle on X. We denote the group of homeomorphisms of X 
by Homeo(X) and identify the G-action on X with the homomorphism <j): G ^ 
Homeo(X). We also denote the group of bundle isomorphisms of P onto itself 
by Isom(P). Let q: Isom(P) Homeo(X) be the obvious projection. We put 
Isom(3(P) q''^{(f){G)) and Aut(P) := kerq. Then there is an exact sequence of 
groups 

1 ^ Aut(P) ^ IsomG(P) ^ HG)- 

A G-action (j): G ^ IsomG(P) on P as bundle isomorphisms which satisfies qocj) — (jj 
is called a lifting of 0. It often comes into question whether P admits a lifting of 
the G-action on A or not. In [6], Stewart proved that P admits a lifting if 
G is simply connected and semi-simple. Hattori- Yoshida also proved in [5] that P 
admits a lifting if and only if the Chern class of P lies in the image of the equivariant 
cohomology group. For more details, consult [5J. 

In [S] , as a generalization of locally standard torus actions and also an underlying 
structure of locally toric Lagrangian fibrations, we introduced the notion of a local 
torus action modeled on the standard representation and proved the classification 
theorem for them. We also investigated their topology. The content of 8J is a 
refinement of the work [7] and the talk by the author in International Conference 
on Toric Topology. In this note we discuss the lifting problem of local torus actions 
modeled on the standard representation in principal torus bundles. One of the mo- 
tivation of this work is to generalize several works on the geometric quantization of 
symplectic toric manifolds to the case of locally toric Lagrangian fibrations. First 
we recall the definition of a local torus action modeled on the standard represen- 
tation. Let be the unit circle in C and T" :— (5*^)" the n-dimensional compact 
torus. acts on the rt-dimcnsional complex vector space C" by coordinatewise 
complex multiplication. This action is called the standard representation ofT"'. 
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Definition 1.1. Let X be a paracompact HausdorfF space. A weakly standard C" 
(0 < r < oo) atlas of X is an atlas {{U;^ , (p^)}aeA which satisfies the foUowing 
properties 

(1) for each a, (p^ is a homeomorphism from to an open set of C" invariant 
under the standard representation of T", 

(2) for each nonempty overlap := fl , 

(a) fai^aff) ^^'^ '■Ppi^ais) ^^^^ invariant under the standard repre- 
sentation of T" and 

(b) there exists an automorphism pap of T" as a Lie group such that the 
overlap map (f-^^^ :— ip-^ o is pa/j-equivariant C"" diffeomorphic 
with respect to the restrictions of the standard representation of T" to 
faiUais) and ^^{11^^). (The latter means that •p^piu ■ z) = Paf3{u) ■ 
^^^{z) for w e T" and z G ^^{U^p).) 

Two weakly standard C" atlases {{U^ ,ip-^)}a(^A and {{Vp .tpf)} p^s of X^" are 
equivalent if on each nonempty overlap fW^ - , there exists an automorphism p of 
T" such that fa °{''l''p)~^ is p-equivariant C' diffeomorphic. We call an equivalence 
class of weakly standard C atlases a C local -action on X^" modeled on the 
standard representation and denote it by T. 

In the rest of this note, we called it a C local T"-action on X, or more simply, 
a local T"-action on X if there are no confusions. 

Next we define a lifting of a local torus action to a principal torus bundle. Let 
{X, T) be a 2n-dimensional manifold X equipped with a local T"-action T and 
TTp : P — > X a principal T'^-bundle on X. As we showed in [8], we can define the 
orbit space Bx and the orbit map px ■ X Bx for (X, T) and the obstruction 
class in order that the local r"-action on X is induced by a global T"-action 
lies in the first Cech cohomology Aut(r")) of Bx with coefficients in 

the group Aut(r") of group automorphisms of T". See Section [2] for more de- 
tails. Since Aut(r")) is identified with the moduh space of representations 
of the fundamental group 'K\{Bx) of Bx to Aut(T"), by fixing a representative 
p: TTi{Bx) Aut(T"') corresponding to the obstruction class, the fiber product 
n*X :— {{h.x) E Bx x X : 7r(6) = px{x)} of px '■ X Bx and the universal 
covering tt: Bx Bx of Bx admits a global r"-action (j)T: T" — > Homeo(7r*Ar). 
Moreover, by the construction, tt*X is equipped with a natural tti (i3x)-action 
(^TTi ■ T^i{Bx) — Homeo(7r*A') and these actions form an action of the semidirect 
product T" XI p TTi{Bx) of T" and 7Ti{Bx) with respect to p on 7r*X. For the ex- 
plicit description of the action of the semidirect product, see Section [3l We put 
G := T" »pTTi(Bx). Let np: P tt*X be the puUback of 7rp: P ^ X to Tr*X. P 
also admits a natural lifting (j).^-^ : tti{Bx) ^ Isom(3(P) of c/jt^-^. 

Definition 1.2. A lifting of the local r"-action T on AT to P is a lifting 4>t:T"^^ 
IsomG(P) of cj)T such that 

(1.1) (t)T{p{a){u)) o 4>^^ (a) = (a) o ^t(u) 

for any (u, a) G G. 

In Proposition 14.11 we shall give an equivalent description of a lifting of T to 
P in terms of a sufficiently small weakly standard atlas {{1/^ ,'Pa)}aeA and the 
T"-actions on (p^iU^)s. 

For the existence of liftings of 0t which do not necessarily satisfy the condition 
p.ip . Hattori-Yoshida gave the necessary and sufficient condition in [5]. See also 
Theorem 14.31 We assume the existence of liftings of (pr which do not necessarily 
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satisfy the condition Then the purpose of this note is to prove the foUowing 

theorem. See Theorem 14.61 for a precise statement. 

Theorem. There is an obstruction class in the first cohomology of the fundamental 
group t:i(Bx) of Bx with coefficients in a certain TTi{Bx)-niodule in order that 
TTp : P X admits a lifiing of the local T"-action T on X . 

This paper is organized as foUows. In the next section, we recall the orbit space 
of a local torus action and the obstruction class in order that the local torus action 
is induced by a global torus action. We also give examples of a local torus action. 
In Section [3] we explain that the fiber product of the orbit map of a local torus 
action and the universal covering of the orbit space admits a global torus action. 
We also describe the global torus action explicitly when a representation of tti{Bx) 
to Aut(T"') corresponding to the obstruction class is given. Finally, in Section m 
we discuss the lifting problem of local torus actions in principal torus bundles and 
prove the above theorem. 

Throughout this paper we employ the vector notation in order to represent ele- 
ments of C", namely, z — (zi, . . . , z„) S C". The similar notation is also used for 
T" = (S-i)", R", etc. 

The author is thankful to the organizers of International Conference on Toric 
Topology for their hospitality. The author is also thankful for the helpful comments 
of the referee. 

2. The orbit spaces and the obstruction to a global torus action 

Let {X, T) be a 2?i-dimensional manifold X equipped with a C local T"-action 
T. First we recall the orbit space Bx of the local r"-action T on X. The orbit 
space C"/r" of the standard representation of T" is endowed with the natural 
stratification whose /c-dimensional stratum consists of fc-dimensional orbits. Let 
be the standard n-dimensional positive cone 

M'l := = (Ci, . . . , 60 e M" : > * = 1, . . . , n}. 

It also has a natural stratification with respect to the number of coordinates ^ 
which are equal to zero. We define the map /ic" : C" — * M" by 

HC^{z) = (|zi|^ . . . , |2;„|^) 

for z — (zi, . . . , z„) G C". It is invariant under the standard representation of T" 
and induces a homeoniorphism from C"/T" to M" which preserves stratifications. 

Let {{U^ ,ip^)}a£A be a maximal weakly standard atlas of X which belongs 
to T. We endow each quotient space (p-^ {Ua)/T^^ with the quotient topology in- 
duced from the topology of (fiaiUa ) by the natural projection tTq : (fia i^a) ~^ 
ip^ {U^)/T'"- . By the property (2) for each overlap ?7^, (fi'^f^ induces a home- 
omorphisni from f'p{U^fj)/T" to fai^ap)/"^^ ■ We define two elements ha G 
V'a (f^<f)/r" and bp e (^^(C/^)/T" to be equivalent if 6, e ^^{U^p)/T^, bp 6 
((fJ(C/^)/r" and the map induced by ip^^ sends bp to ba- It is an equivalence 
relation on the disjoint union [(f-^{Ua) /T^) ■ We call the quotient space of 
Ua {fa{Ua)lT^"') by the equivalence relation together with a quotient topology 
the orbit space of the local r"-action T on X and denote it by Bx ■ It is easy to see 
that Bx is a Hausdorff space and {ip-^iU^) /T"}a(^A is an open covering of Bx- 
By the construction of Bx, the map Ua ^o.°^^- Ua -> 1J„ {Pa{Ua)lT'") 
induces the map from X to Bx- We call it the orbit map of the local T"-action 
T on X and denote it by jix ■ X Bx ■ Note that by the construction, it is a 
continuous open map. 
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Proposition 2.1. Bx is endowed with a structure of an n- dimensional topological 
manifold with corners. This means that Bx has a system of coordinate neighbor- 
hoods modeled on open subsets of M" so that overlap maps are homeomorphisms 
which preserve the natural stratifications induced from the one of M" . See ^ Sec- 
tion 6] for a topological manifold with corners. 

Proof We put C/f := Lp^{U^)lT'\ The restriction of a^c- to v?^(C/^) induces 



the homeomorphism from to the open subset IJ-C"{Va (Ua)) of which is 



denoted by (p^. By the construction, on each overlap U^^ :— fl U^, the overlap 
map ip'^p := ip^ o (ip^)-^: Hc^{Pp{U^p)) l^C^iVaiU^p)) preserves the natural 
stratifications of Mc- (^^^ (^^f/j)) and MC- (^^ (C^f^))- Thus, {(L/f , (^f is the 

desired atlas. □ 

Remark 2.2. The atlas {{U^ , 'p^)}aeA of Bx constructed in the proof of Proposi- 
tion [TI] has following properties 

(1) for each a, C/f = ^^{U^) = Mc- ('^f (t^a )) and the following 

diagram commutes 



MX 

B/ttB\ 



Bx 3 US -^^SiUS) c 

(2) the restriction of {{U^ , (p^)}aeA to the interior Bx \ dBx of Bx is a C' 
atlas of Bx \ dBx . 

We give some examples. 

Example 2.3 (Locally standard torus actions). Let T" act smoothly on a 2n- 
dimensional smooth manifold X. A standard coordinate neighborhood of X consists 
of a triple ([/, p, tp), where J7 is a T"-invariant open set of X, p is an automorphism 
of T", and 93 is a p-equivariant diffeomorphism from U to some T"-invariant open 
subset in C". The action of T" on X is said to be locally standard if every point 
in X lies in some standard coordinate neighborhood. See [21 H] for more details. 
(A typical example of locally standard torus actions is a nonsingular toric variety.) 
The atlas which consists of standard coordinate neighborhoods is weakly standard. 
Hence, a locally standard T"-action induces a local r"-action on X. 

Note that not all local torus actions are induced by locally standard torus actions. 
For example, a nontrivial r"-bundle on an n-dimensional closed manifold whose 
structure group is Aut(T") is equipped with a local T^-action which is not induced 
by any locally standard T"-action. In general, for any C local T"-action T on 
a 2n-dimensional manifold X, we take a weakly standard atlas {{U^ TP'^)}aeA 
belonging to T. We put U := {US}aeA- K is easy to see that the automorphisms 
Pai3 of T" in the property (2) of Definition 11.11 form a Cech one-cocycle {pap} on 
U with values in Aut(T"). 

Proposition 2.4. A C local T^'-action on X is induced by some locally stan- 
dard T^^ -action if and only if {pa/3} cind the trivial Cech one-cocycle are of the 
same equivalence class in the first Cech cohomology set H^{Bx; AMt{T'^)), where 
the trivial Cech one-cocycle is the one whose values on all open set are equal to the 
identity map ofT"". 

For the proof, see [Sj. 

Remark 2.5. It is well known that there is a one-to-one correspondence between 
; Aut(r")) and the moduli space of representations oiTTi{Bx) to Aut(T"). 
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Example 2.6. We can construct an example of local torus actions which does not 
come from any locally standard torus fibrations in the following way. Let X be the 
quotient space of the space 

{{i,u, z) G X r2 X : 6 = + 1^21' = 1} 

by the T^-action defined by 

V ■ u, z) := (ui, U2WiW^^), • z) . 

There is a T^-action on X which is induced by the multiplication to the second 
factor of X X . The orbit space of this action is naturally identified with 
B ■.= Rx [0, 1] and the orbit map is induced by the first projection of xT^ x C^. 
Define the right action of Z on X by 

z] • n = [(a - n(6 + 1), 6), ^] 

for 6*, z) G X and n G Z, where p"{u) :— (ui,u^"m2). It is easy to see that the 
Z-action on X is well-defined, and the Z-action and the T^-action on X satisfies 
the following condition 

{v ■ u, z]) • n = • {[£,, u, z] ■ n) 

for w G and rt G Z. Moreover, the Z-action on X descends to the action of Z on 
B which is defined by 

(2.1) C-n=(a-n(6 + l),6)- 

We denote by X, B the quotient spaces X/Z, S/Z, respectively. We also denote 
\yy ji: X ^ B the map induced by the orbit map of the T"-action on X. Then, it 
is easy to see that X is equipped with a local T^-action whose orbit space is B and 
the orbit map is ^l. 

Example 2.7 (Locally toric Lagrangian fibrations T). One of the important ex- 
amples is a locally toric Lagrangian fibration. Let (X, lj) be a 2n-dimensional 
symplectic manifold and B an n-dimensional smooth manifold with corners. A 
map ^: X B is called a locally toric Lagrangian fibration if for each point 
b € B, there exists a coordinate neighborhood {U,(p^) of b modeled on M" and 
there exists a symplectomorphism ip^ : {ii^^{U),uj) — > (/ij^,l((^^(J7)), c^C") such 
that fj-C" ° = (f^ o /i. A locally toric Lagrangian fibration is endowed with 
a smooth local T"-action. See [Sj, for more details. 

3. Untwisting local torus actions 

Let {X, T) be a 2n-dimensional manifold X equipped with a local T"-action T, 
{{U^ ,ip-^)}aeA a weakly standard atlas of X belonging to T, and {{U^ , ip^)}a£A 
the atlas of Bx induced by {{U^ , (p-^)}aeA which satisfies the properties of Re- 
mark 12.21 Let TT : Bx Bx be the universal covering of Bx ■ It is obvious that 
the fiber product Tr*X of fix - X Bx and tt: Bx Bx admits a local T"- 
action whose orbit space is Bx- For more details, see |8] Example 3.14]. Since 
Bx is simply connected, by Proposition 12.41 and Remark 12. 5[ this local T"-action 
comes from a locally standard r"-action. Moreover, by the construction, Tr*X is 
equipped with the natural action of tti{Bx) and these two actions form an action 
of the semidirect product of T" and tti (Bx ) . The aim of this section is to give the 
explicit description of this action . 

By replacing {U^} by its refinement if necessary, we may assume that for each 
a, there exists a local trivialization (p^ : 7r~^([/^) — > x Tri{Bx) of tt: Bx — > Bx 
as a principal tti (_Bx)-bundle. On each nonempty overlap U^^, we denote the 
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transition function with respect to these local trivializations by 0^/3 . Note that aap 
is locally constant since 'ni{Bx) is discrete. 

As we described before, the automorphisms pap of T" in the property (2) of 
Definition II . II form a Cech cohomology class [{pa/s}] S ^^^(-Sjf; Aut(T")). We take 
a representative p: ■ni{Bx) — > Aut(T") of the equivalence class of representations 
corresponding to [{pa/j}]. Note that p is unique up to the conjugation of Aut(T"). 
Then, for each a there exists an automorphism pa G Aut(T") such that pa^ = 
Pa°p{o-ai3)°P~p^ on cach nonempty overlap U^^. Let T" yip'Ki{Bx) be the semidirect 
product of T" and tti [Ex) with respect to p, namely, T" xipTTi {Bx) is the Cartesian 
product of T" and ni{Bx) as a set with the product 

(ui,ai)(w2,a2) := (Mip(ai)(u2), aia2). 

Let (u, a) be an element of T" Xp 'ni{Bx) and (6,2:) an element of ■k*X. Suppose 
that h lies in t:^'^{U^) and (5) = (7r(6),aa). We put 

(3.1) {u,a)-p{h,x) := (b • a-\ (^;^)-i(p„ o p(a„a-i)H • . 

Lemma 3.1. (|3.ip does not depend on the choice of local trivializations and defines 
the action of T" xip7ri(_Bx) on tt*X. 

Proof. Suppose that b also lies in Tr^^{U^) for another and (p^{b) = (7r(fe), a/j). 
By using = aapap and pa/3 = Pa° pio-ap) ° 

= iV'fy^ (Pa/3 ° ° Piaaf3) o p(a/3a"^)(u) • (^^(a;)) 
= i'pjy^Pfi ° Piaf3a-^){u) ■ ^p{x)). 

This implies that (|3.ip does not depend on the choice of local trivializations. Next, 
we check that p.ip defines an action. For (1*1,01), (1*2, a2) £ T" Xp 7ri(i3;is:) and 
{b,x) e 7r*X satisfying 6 e 71-1 (C/J^) and (/jf (6) = (7r(6),a„), 

(ui,ai) -p (^(^2,02) -p ib,x)j 

= (ui,ai) -p (^6 • {ip^)~\paO p{aaa2^){u2) ■ fy^a W)) 
= (b ■ a2^a^\ (if^y^ipa o p{aaa^^a^^){ui)pa o p(a„a2"^)(u2) • ^ai^))) 
= (b ■ (aia2)"\ i^a^^iPa o p(aa(aia2)"^)(uip(ai)(u2)) • (/J^ (x))^ 
= (Mip(ai)(u2),aia2) -p (6,x). 
This proves the lemma. □ 

Note that the orbit space (7r*Ar)/T" yipTri{Bx) is naturally identified with Bx- 
Let p' : Tri{Bx) Aut(r") be another representative of the equivalence class 
of representations corresponding to [{pa/?}]. Then, there exists an automorphism 
/ G Aut(T") such that p' = /opo/~^. / defines the group isomorphism / : xip 
T^iiBx) Xp' Tri{Bx) by f{u, a) := (/(u), a). Then we can check the following 

proposition. 

Proposition 3.2. For any {u,a) £ T" Xp ■7Ti{Bx) and {b,x) G 'k*X, 

{u, a) -p (6, x) = 7(m, a) -pi (6, x). 
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4. An obstruction theory 

In this section we give an obstruction class for the existence of a hfting when a 
local torus action on a manifold and a principal torus bundle on it are given. We 
assume that manifolds, maps, and local T"-actions are of class C° unless otherwise 
stated. 

Let {X, T) be a 2n-dimensional manifold X equipped with a local T"-action 
T and tt: Bx —>■ Bx the universal covering of Bx- We fix a representative 
p: 7Ti{Bx) "> Aut(T") of the equivalence class of representations corresponding 
to [{Paf}}] and denote T" Xp tti{Bx) by G. Then, G acts on tt* X by In the 

rest of this paper we omit the subscript p of the G-action on -k* X in ()3.1|1 . 

Suppose that 7rp: P — ^ X is a principal T'^-bundle on X. Then the puUback 
TTp : P — > TT*X oi TTp: P ^ X to TT*X can be written by 

P - {(6, q)eB^xP: TT{b) = tlx o 7rp(g)}. 

P admits a natural lifting '■ t^i{Bx) IsomG(P) of the natural 7ri(i?x)-action 
(/>7ri : TTi{Bx) IIomeo(7r*A) on tt*X which is written by 

for p = {b,p) e P and a G tti{Bx)- We also represent the T"-action on tt*X as the 
subgroup of G by : 7"" — > Homeo(7r*A). 

Proposition 4.1. Let {{U^ , (p-^ )}aeA be a weakly standard atlas of X belonging to 
T and {{U^ ^ip^)'\aeA the atlas of Bx induced by {{U^ ^'p^)}a£A which satisfies 
the properties of Remark \2. 21 We assume that for each a, there exists a local trivial- 
ization (p^ : t^~^{U^) — > t/^f x 7ri(i?x) o/tt: Bx Bx- Then P admits a lifting of 
the local -action T on X if and only if there exists a family {{Pa, 4>cn faVSai^A of 
triples, where for each a, (Pa, 4>a, fa) consists of a principal -bundle np^ : Pa 
iPai^a) equipped with a lifting <j)a ■ T"" IsomT"(Pa) of the T'^-action (j)a : T" — > 
}iomeo{(p^ (U^)) on fai^a) obtained as the restriction of the standard represen- 
tation ofT^^ and a bundle isomorphism ip^ ; P|[/x — > Pa which covers ip-^ such that 
on each nonempty overlap U^^, p^^ := p^ o {ipp)~'^ : Ppl^xf^jjx^-j Pq|^x([/x^) is 
Pap-equivariant with respect to the liftings. 

Proof. If there exists such a family {{Pa, 4>a, fa)}a^A, then we can define a lifting 
of (j)T as follows. For u e T" and {b,p) £ P where b € 7r~i(C/f ) and p^ib) = 
{n{b), Oa), we define a hfting ipT'. T"- ^ IsomG(P) of (/>t by 

Mu){b,p) (b,ipPr'{MPo.op{aa){u)){p^ip)))) . 

We can show that it is well-defined by the same way as in the proof of Lemma 13.11 
It is also easy to check that <f>T satisfies (|l.ip . 

Conversely, suppose that P admits a lifting (j)T of (pr which satisfies (|l.ip . We 
put Pa := P\u^, '^a := Pa ° ^P- Pa ^ fa{Ua )^ and p^ id for each a. 
For any point p e Pa, {{'Pa)^^{l^x ° 7rp(p), e),p^ is an element of 7r*P, where 
e is the unit element of tti{Bx). Then, the following equation defines a lifting 
4>a:T^^ IsomT(Pa) of : T" Homeo(^f (C/f )) 

4>T{PaHu)) (^{Pay^ifJ-X 0'^p{p),e),p'j = (((ysf ) (/^x O TTp (p) , e) , 0a (m) (p)) . 
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By using p~T|) and pap = Pa o piaap) ° Pp^ on U^^, for any p e -P|(7^^, 

( (V?^ ) " ^ (mx o TTp (p) , e) , 0/3 (w) (p) ) 
= 0t(p^H'")) (('/'f o7rp(p),e),p) 
= <^t(p;^^(w)) {[VaY^ ° 'P'^^}{^^x o7rp(p),e),p 
= '^t(p^^(w)) (^(v3f o7rp(p),a„^),p 
= <^t(p;^^(w)) o07ri(a^^) ((y'f o7rp(p),e),p 

= -^^iCaa/a) °<^T(Pa^ 0Pa/3(u)) (((/sf ) " ^ (a^X O TTp (p) , e) , p 

= ((<y5f)"^(Mx o7rp(p),a„^),^a(pa/3(M))(p) 
= (('y'f O7rp(p),e),0a(pa;3(u))(p) 



This iniphes that (p^p is pa^-equivariant, namely, 

This proves the proposition. □ 



Example 4.2. We consider Example 12.61 In this case, the universal covering of B 
is B and the puUback of X to S is naturally identified with X. The fundamental 
group TTi (B) is isomorphic to Z and the deck transformation is given by (|2.ip . Under 
the identification tti{B) = Z, the representation of tti{B) to Aut(T^) is given by 
assigning the element G to rt G T^iiB) and w G T^, which is also denoted 

by p: 7ri(i?) Aut(r'^). Then, the T'^-action and the right Z-action on X form 
an action (f>: G ^ Homeo(X) of the semidirect product G = »p tti(B) which is 
written by 

u,z]) = v (K, u, z] ■ i-n)) = [(Ci + + 1), 6), ^] 

for {v, n) & G and u, z] G X. 

Let TTp : P ^ X be a principal circle bundle which is defined by the quotient 
space 

P := {{tu, z) eR^ xT^ xC^: ^2 = + |z2|' = 1} Xt2 

by the T^-action 

V ■ (^, u, z, t) := (^, U2Wi-y2"^), • z, V2t) . 

We fix an element s G S*^ and define the lifting (j): G ~> IsomG(P) of to P by 

4>{v,n){[^,u,z,t]) := [(a +n{^2 + I), 6), wis"^] 

for {v,n) G G and [^,u,z,t] G P. It is easy to see that is well-defined. In 
particular, the composition of the natural homomorphism s: t^i{B) — > G defined 
by s{n) := (1, n) and (j) defines a 7ri(_B)-action on P. We denote by P the quotient 
space of this 7ri(P)-action. By the construction, np: P X descends to the 
principal circle bundle ttp : P ^ X which admits a lifting of the local T^-action on 
X defined in Example [ 
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In the rest of this note, let us investigate when P admits a hfting of the local Tr- 
action T onX. For the existence of a lifting of (pr, which does not necessarily satisfy 
the condition (jl.ip . Hattori-Yoshida gave the necessary and sufRcient condition in 
[5] which is described as follows. Let (Tr*^)^" be the Borel construction ET" x^^ 
TT*X with respect to the T"-action if)T on Tr*X. We denote by r: ET" x Tr*X 
ET" x^^ Tr*X and pr^ : ET" x Tr*X tt*X the natural projections. Since ET" is 
contractible, the induced homomorphism pr^ : H'^{tt* X-^Z^) H'^{ET"^ xir* X;Z'') 
is an isomorphism. 

Theorem 4.3 ([5j). np: P ^ tt*X admits a lifting of the T"^ -action (px on tt*X 
if and only if the Chern class Ci{P) lies in the image ofpri,^^ o r* : H^(ET" x^^ 
7r*X;Z") ^ i72(7r*X;Z"). 

Next, we assume that TTp: P tt*X satisfies the condition in Theorem l4.3l and 
investigate when P admits a lifting of (pr which satisfies p.ip . We fix a lifting 
^t: T" ^ IsomG(P) of (pr to P. Then nets on Aut(P) by the conjugation 
(i>T^{u) o f o 4)t{u) for w e T" and / e Aut(P). Note that the group Aut(P) 
is canonically isomorphic to the group C{'k* X,T^) of all continuous maps from 
iT*X to T'^. The isomorphism is given by assigning to each / £ Aut(P) the map 
T £ C{'K* X^T^) which is determined uniquely by the equation 

f{P) = P-T{TTp{p)). 

For more details, consult [5]. Through the isomorphism from Aut(P) to C{tt*X, T''), 
T" also acts on C{tt*X,T'') by r"(i) := r((/)T(u)(i)). In general, if K IS a group 
and M is a topological right i^T-module, then we can define the cochain complex 
C*{K;M) of continuous cochains of K with values in M as follows. That is, 
C'^{K; M) is the abelian group of all continuous maps from the gth Cartesian prod- 
uct K'i of K into M and the coboundary 5: C^iK; M) ^ C^+^iK; M) is defined 

by 

? 

5cr(ui, . . . ■■=(t{u2, ■ ■ . ,"9+1) + ^(-1)V(mi, . . . . . . 

i=l 

+ . . . , Ug) • Uq+l. 

Let C*{T"; C{Tr*X, T^)) be the cochain complex with values in the right T"-module 
C{tt*X,T^). TTi{Bx) also acts on C*{T";C{tt*X,T'')) from the right by 

{a ■a){ui,... Uq, x) a{p{a){ui), p{a){uq), (p^,^ (a)(x)) 

for a e 7ri(Bx), cr G C«(r"; C(7r*X, T*^)), £ T" and x £ Tr*X. 

Lemma 4.4. The tti{Bx)- action on C*{T"; C{tt*X, T^)) commutes with the cobound- 
ary operators 5. 

Proof. It can be checked by using the equation (j)T{p{o){u))o(j)^^ (a) — (a)o07^(u) 
for any a G 7ri(i3x) and u G T". □ 

Since (f)T{u)^^ o ^^^(a)^-'- o (j)T{p{a){u)) o 0,^^ (a) lies in Aut(P) for any u G T" 
and a G 7ri(i?x), the equation 

(4.1) 4>T{uy^ o {ay^ o (j)T{p{a){u)) o (f>„^ {a){p) = p ■ a{a, u, ■npij})) 

determines the unique one-cochain a G C^{'Ki{Bx);C^{T'^]C{t:*X,T'^))). It is 
easy to see that a takes a value in Z^(T"; CI-k* X,T^)). 

Lemma 4.5. a is a cocycle. 
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Proof. For ai, 02 G tti{Bx), u G T", and p E P with TTpip) = 5, 
p • ((5a-)(ai, a2, u, x) 

= 0Tri (a2)"^ o 0T(/o(a2)(u))"^ o (ai)"^ o 0T(p(aia2)(M)) o ^tti (ai) ° (f>^i (0,2) 
o (0102)"^ o 4)T{p{aia2){u)y^ o (^^j (aia2) o (^t(w) 
O O ^7ri(a2)~^ o (^T(/5(a2)(w)) o ^7ri(a2)(p) 

This proves the lemma. □ 

Then a defines a cohomology class in H^{Tri{Bx); Z^{T'';C{tt*X,T''))). It is 
easy to see that the cohomology class does not depend on the choice of liftings. We 
denote it by o(P). 

Theorem 4.6. Under the assumption of Theorem 14. 3^ the vanishing of o{P) is the 
necessary and sufficient condition in order that ttp : P X admits a lifting of the 
local T" -action T on X . 

Proof. If there is a lifting (p'j. : T" — > Isomg (P) of 0t which satisfies (jl.ip , then the 
equation 

(4.2) M^)ip)^4>T{u)ip)-T{u,S:) 

for u G T" and p Cz P with np(p) — x defines a unique group one-cocycle r G 
Zi(r"; C(7r*X,r''')). By gH), g^]), and JTI]) for 0^, we can obtain the following 
equation 

(4.3) a{a,u,x) = T{u,x)T{p(a){u),(j)-^^{a){x)y^ 

for a G 7ri(i?j(:), u G T", and a; G tt* X . This implies that o{P) vanishes. 

Conversely, suppose that o{P) vanishes and t G Z^{T'^\C{tt* X^T^)) is an ele- 
ment which satisfies (|4.3p . Then, we define the map 0!^: T" ■— » IsomG(P) by 

(j)'rj,{u){p) := 4>t{u){p) ■t{u,x) 

for u GT"^ and p £ P with TTp{p) — x. It is easy to see that is a homomorphism 
and in fact, is a lifting of the local T"-action T on X to P. This proves the 
theorem. □ 

Remark 4.7. For a general principal bundle whose structure group is not necessarily 
T^, a lifting of a local torus action can be also defined by Definition 11.21 and 
Theorem 14.61 holds without modifications not only for principal T'^'-bundles but 
also for principal bundles with any abclian structure groups provided that liftings 
of local torus actions to the principal bundles exist. 
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